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Dynamic responses of the closure relations, specific turbulent Helmholtz free energy and
turbulent viscosity are postulated followed by experimental calibrations. The established
closure model is applied to analyses of a gravity-driven stationary avalanche with incom-
pressible grains down an incline. While the mean velocity and volume fraction increase from
their minimum values on the plane toward maximum values on the free surface exponen-
tially, two-fold turbulent kinetic energies and dissipations evolve in a reverse manner. Most
two-fold turbulent kinetic energies and dissipations are confined within the thin turbulent
boundary layer immediately above the plane, with nearly vanishing two-fold turbulent kine-
tic energies and finite two-fold turbulent dissipations in the passive layer. The two layers are
similar to those of Newtonian fluids in turbulent boundary layer flows, and are preferable
recognized by the distributions of turbulent kinetic energies and dissipations.
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1. Introduction

This paper continues Fang (2016b), hereafter referred to as Part I. The balance equations of the
mean fields for isothermal flows with incompressible grains are summarized in the following

0=0v+vV- v 0 =~vv — div(t + R) — 7ob
0 =505 — V- (h+H) - 50 f 0=7Z-& (Z=7-[Q,Z)) (1.1)
0=~k—R-D—-V K+ qie 0=Avs—(H-Vi—V-L+50H

for which
P={p,v,v, 2,9 97 9%} C={t,R,h,H f, & k s, K L,e H} (1.2)

are introduced respectively as the primitive mean fields and closure relations based on the
turbulent state space given by

Q:{VO;D)Ij)gl)’?:Cl)gQ)ﬁM :CQ)g3)19Tag4a’l9G)g5)DaZ} C:é(Q) (13)

with ¢; and ¢ are constants, and go = g3 = 0. Quantities in (1.1)-(1.3) have been defined
in Part I. Miiller-Liu entropy principle has been investigated to derive the equilibrium closure
relations, with the results summarized in Table 1, in which the subscript E denotes that the
indexed quantity is evaluated at an equilibrium state, defined viz.,

Q|E = (Vov17707g17617070270779T70779G70707Z) QD = (177 g37g47g57D) (14)

with QP the dynamic sub-state space, upon which the dynamic closure relations should depend.
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Table 1. Thermodynamically consistent equilibrium closure relations (Fang, 2016b)

T =T (vo, 7,V 5 = c1,9M = c3,97 0% Z) B =l
Aok = 3y, s = 39Nl

Ave|, =0 AvH|, =0 P, =

K‘E = (79M — 79T)’_y17€ g4|E 79M 79G)")/I/Hg4‘E — f‘yDﬁng . <i>7g4|E
L|E (19M a )yve, 85|E 19M ﬂG)W/H,g5|E — 7yz719M¢£ . <i>7g5}E

CWMh -+ 99H) = M gL H =R,

fle= O @ = B/G7) + (1 =97 /9M)e sl + (1 =9 JPMH 5|y =0T - B}
t|p = —opl — Y, ® g1 + G - @ p|p

R|, = —(0"/9" —D3vep|, — M /0" — 9% /9 ) wHp|,

In Section 2, the dynamic responses of the closure relations are postulated by a quasi-static
theory, followed by the specific postulates of the turbulent Helmholtz free energy, viscosities
and the hypoplastic model for rate-independent characteristics. The established closure model
is applied to analyses of a gravity-driven stationary avalanche down an incline in Section 3.
Numerical simulations are compared with laminar flow solutions. The study is concluded in
Section 4.

2. Zero-order closure model

2.1. Dynamic response
It is assumed that the closure relations consist of the equilibrium and dynamic parts viz.
c=¢C|,+c” Ce{t,R,® K,L, f,yve,70H} (2.1)

Specifically, t”, RP, fP, 40eP, 4vHP, KP and L? are assumed to be the quasi-static expres-
sions of QP given by

0=t" - eMiI - \M(trD)I - 2uMD 0=RP -0l - AT (trD)I —2u"D

0=fP+(v+4(trD) 0=7we — fiv — fo(trD) — f3(g4 - 84)

0=AvHP — fyv — f5(trD) — fo(gs - &5) 0=XKP" + frg 0=L"+ fsgs
(2.2)

with €, €T, ¢, f1, f3, f1, fo_g being scalar functions of (v, 7, 7, 9™, 9T, 9F); and \M | AT, 5,
uM 1T, fo, f5 scalar functions depending additionally on the three invariants (Illj, I%, I%) of D
given by If = trD, IZ = 0.5(tr?D — trD?) and I = det D.

In equation (2.2), Truesdell’s equ1 presence prlnClple is used, by which (9Mt? +9TRP) and
f fP depend explicitly and linearly on v and D; 77e? and 47 HP depend explicitly and linearly on
v, D, g4 and gs; KP and L depend explicitly and linearly on g4 and gs, respectively, motivated
by the Fourier law. Thus, a dry granular avalanche is considered a Stokes or Reiner-Rivlin fluid.
Scalar functions p™ and p” are respectively the material viscosity and phenomenological (tur-
bulent) viscosity induced by turbulent fluctuation. Equation (2.2) has been applied for creeping,
dense and rapid laminar flows, and for weak turbulent dense flows as the first approximation
(Fang, 2008, 2009, 2016a; Fang and Wu, 2014; Kirchner and Teufel, 2002; Wang and Hutter,
1999).
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2.2. Turbulent Helmholtz free energy, material and turbulent viscosities
It is assumed that ¢ consists of an elastic part, 1!, and a rate-independent part, ¢JT, viz.
Wl =97 (vo, 7, 81,7, 0M, 07, 09) + 0] (I3, 13, I3) (2.3)

with the irreversible effect confined within 1/);{ (Fang, 2009; Kirchner and Teufel, 2002; Wang
and Hutter, 1999). Following the previous works, 1! is assumed to be expanded in a Taylor

series about v = 7, and |g;| = 0, with 7, the critical mean volume fraction at which shearing
is decoupled from dilatation, see Fang (2009), Savage (1993), Wang and Hutter (2001)

D)le'gl}f}

7= S )+ )

Ve = {ao@”—Vm) +¢%(D;?i
(2.4)

with Do, the value of 7 corresponding to the denst possible packing of the grains, and {«g, G}
depending on {7,,,7,9M}. Equation (2.4) is an extension of its laminar flow counterpart with 7,
accounting for the influence of turbulent fluctuation, motivated by the nonlinear characteristics
of rapid flows (Pudasaini and Hutter, 2007; Rao and Nott, 2008; Wang and Hutter, 2001). It
asserts that smaller two-fold granular coldnesses result in smaller free energy.

The specific forms of the material viscosity ¢ and turbulent viscosity u” are given by

pM = M0’72(D o _)85 W' = o7 (Fe = 1) (= U _)SE (2.5)

o — U Voo — V

with 2 = é([llj, 112—), 113—)), and po = fio(v, M), a positive constant. They are postulated followed
by the previous works (Fang, 2009; Kirchner and Teufel, 2002), with the power 8 a curve-fitting
(Savage, 1993), and the dependency of p” on 97 and ¥“ motivated by Newtonian fluids in
turbulent flow. Both p™ and u” assert that total stress is larger in turbulent flows than in
laminar flows. For laminar flows, both 97 and ¥“ vanish, yielding the vanishing 7.

2.3. Hypoplasticity

A hypoplastic model of ® is given by (Fellin, 2013; Fuentes et al., 2012; Niemunis et al.,
2009)

® = &(7,D,2) = fo(7,1}){a*D + Ztr (ZD) + f4(7)a(Z + Z)|D| } (2.6)

for rate-independent characteristics, with Z = Z/tr(Z), the versor of Z; 7 =7- I/3, the
deviator of 2; |ID|| = VtrD?; and a a positive constant. The scalar functions f, and f; are
respectively the stiffness and density factors. The constant a is related to the stress state Z.
and frictional angle ¢, in the critical state, and can be determined empirically (Bauer and
Herle, 2000; Buscamera, 2014; Marcher et al., 2000). Equation (2.6) is used to account for the
rate-independent features of dry granular systems, with the benefits that (1) distinction between
loading and unloading is automatically accomplished, and (2) elastic/inelastic deformations need
not a priori be distinguished; information about yield surface and plastic potential is no longer
necessary.
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2.4. Closure relations

With these, the closure relations of an isochoric flow are given by

0=vk — ’7’7[060(’7 — Um)? +ﬁ0( &l 7)2(g1 -g1)} (1 + %)

Voo — UV

0=7ve — fiv — fo(trD) — f3(g4 - 84)

0=4vH — fu4v — f5(trD) — fo(gs5 - 85)

Ui D)z(gl : gl)} (1 + g—;)

0 =~is — 0 [ao(ﬂ — Um)? + ﬁo(

Voo

_ 1) 2
0 = (¥ h + vOH) - 253N F (- ) gy

Voo — V
0=K+ frgs 0 =L+ fzgs
P2 Bovn (TN (2.7)
0=F = =5+ gloo® = om) + =2 (e g0 7 - (1= gwr) 23
N . _
_(1—19—M)W+CV+5(131‘D)

0=t— (—op+ Mo+ M trD)I — f(QI+ GZ + (Z2)

+ 20007 () g @ g — 207 (22) IR ID

o — UV Voo
0= R [~(Lr 1) o= (L = 2) o+ To AT D)1
-2 (F - (2 ) | IRID

where the Cayley-Hamilton theorem and the notations

1 = w}f,% C2 = 1#?71% 3 = 1#?71%
(I3)z=1 (I3)z =1Iz1-Z (I3)z =127 (2.8)
G = a*(er + eoly) — c3aIZ 15 (3 = cza®(I3)?

C= (1 + 02[%)([%)71 — 02(a2 + (I%)Jtrzz) + 031%(3(1%)72 + azlé)

have been used. For laminar flows, (2.7) reduce to those in previous work (Fang, 2009). T'wo-fold
turbulent kinetic energies in (2.7); and (2.7)4 are determined once 7 is known.

The field equations of {p, v, 7,97 9%, Z} are obtained by substituting (2.7) into (1.1). Since
the system is mathematically likely well-posed, one has the chance to obtain the primitive mean
fields. In applying (2.7), the phenomenological parameters ag, B0, f1_8, fs, fa, a, €M, AM €T
AT 1o, Ci—s, Uy and s need be prescribed. Since detailed information of them is insufficient,
numerical simulation is restricted to a parametric study.

3. Gravity-driven flow

3.1. Field equations and boundary conditions

Consider a fully-developed, isochoric, two-dimensional stationary avalanche down an incline,
as shown in Fig. 1. It is assumed that

V= [ﬂ(y)’@(y), 0] v= D(y) p
0" = 9" (y) 96 = 9C (y) Zii = Zii(y) (3.1)
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with o/a ~ 0; v’ # 0, v # 0; {i,j} = (z,y), motivated by the assumptions that o, < «a, for
any quantity « in simple turbulent shear flows of Newtonian fluids (Batchelor, 1993). The flow

corresponds to the critical state defined as the state in which p = 0 and Z = 0 (Ai et al., 2014;
Kirchner and Teufel, 2002). Since in the critical state fy is set to be unity, equations (1.1)s and
(2.6) reduce to

0 = fi{a?D + Ztr (ZD) + a.(Z + Z)||D| } (3.2)

with a. = /8/27sin ¢., and ¢, the critical friction angle (Kirchner and Teufel, 2002). Since f
does not vanish generally, substituting (3.1) into (3.2) yields

1 - = 1
0= ZyoZuym + ac(2Z00 — g) 0= ZyyZuym + ac(22yy — g) 53
0= acm + Zgym + 2acéxy
with m = Dzy/||D|| = Dzy/|Dzy| A non-trivial solution to (3.3) is only that Z,, = Z,,
and Zmy = —m+/8/3sin p.Z,,. Thus, equation (1.1)4 is decoupled from other mean balance
equations. For further 1dent1ﬁcation, a specific form of fs is given by (Bauer and Herle, 2000)
1 —vg\m
fs_(1—17> m=1 (3.4)

with 7g the minimum mean volume fraction; and unity power justified for most cases (Herle and
Gudehus, 2000; Marcher et al., 2000; Niemunis et al., 2009).

Y

Fig. 1. Gravity-driven stationary avalanche down an incline and the coordinate

With these, the field equations are obtained

df1- 72 <2 Um \8,dun2) .
dy{ (CQ y + C3Zzy) + poy fc(ljoo — 17) (d_y) } + Avbsin 6
0= % — Avcosl
dy
20070 F, Um 2 di 1 - 1— b, ) _2
dy{ l (1700—;7) @}"’ﬁ{_tyy 1_175(41+CgZyy+(3Zyy)
2 7 2, dio\2 Do F (3.5)
— 2000 (VU — Upy) Fe — 25071/(1700 — ,;) (@) Do — 1/}
_ =2 Um dun3 d29T AT\ 2
0= T (e 1)(voo—y) (dy) I _f3(d—y)
d>9% d9C \ 2
— /s a7 (dy)

for w(y), 7(y), tyy(v), 97 (y) and 9 (y), in which p(y) is replaced by #,,(y) for simplicity.
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Although solid boundaries have been demonstrated to act as energy sources and sinks of
the turbulent kinetic energy of the grains (e.g. Pudasaini and Hutter, 2007; Richman and Mar-
ciniec, 1990), and the conventional no-slip condition for @ does not hold (Savage, 1993). The
field observations suggest that the no-slip condition can still be used as the first approximation
(Pudasaini and Hutter, 2007; Rao and Nott, 2008), with which a fixed value of ¥ is assumed. As
motivated by the finite turbulent kinetic energies and dissipations on solid boundaries of New-
tonian fluids in turbulent boundary layer flows (Batchelor, 1993; Tsinober, 2009), finite two-fold
turbulent kinetic energies and dissipations on the plane are assumed through the prescriptions
of 97" and ¥, respectively. On the other hand, field observations suggest that the grains on the
free surface interlock with one another to form a kind of inelastic network. Due to a significant
density difference between the grains and the air, the shear stress is negligible, yielding vanishing
normal gradients of 4 and v. However, the air entrainment on the free surface provides a finite
normal stress, giving a rise to nonvanishing ¢, and normal gradients of ¥7 and Y& (Pudasa-
ini and Hutter, 2007; Rao and Nott, 2008; Wang and Hutter, 2001). Thus, BCs for (3.5) are
postulated by:

—fory =0

=0 v =10 9T =T ¢ = 9§ (3.6)
—fory=1L

di dv dy’ dy® -

a 0y y ar dy aG yy b ( )

with the superscript b denoting the boundary values.

3.2. Nondimensionalisation

With the dimensionless parameters defined in Table 2, in which V{ is the characteristic
velocity of the flow, equations (3.5) are recast in dimensionless forms

d (1= Dmbs_ F, diin 2 .
= — = — 0
0= TS e () J ¥ S
O:d—7~r+521?cos«9
dy
d 2wF, di 1(. 1=y Y Wi Fe 7diN2
= Ze Zl, - M m, 2% (i — 1) — T (2 .
0=} T T TG () ) e
0 x1(Fe—1) <@)3 - 2207 - <d1§T)2
T P Ny g
d29¢ d9C\2
0= o)

for w(§), v(7), 7(§), 97 (§) and 9 (§), with F, = 1497 +9%+(07)2+(09%)?, and the dimensionless

—forg =0

=0 U= 9T =oF 9% = 9§ (3.9)
—forg=1L

dii dv di” dy<

o o A = ag 7= (3.10)

dj
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Table 2. Dimensionless parameters

9 _0g 1 _ - D @
% % G
~ v - Vp - T = Y
e A S
= - (2 Zay + (322, =, — G+ Gy + G322, g b
MO:Y2V0252 ao’_)/ﬁgn MO’_YV()2§3
__>b _ 1o7V5'¢ _ [z _ feoM
52_a077r2nf Xl_W X2 = T X3 = "p
t % I T
P 5= Vs 7 — —b 7§T:79_b
I3, S O a3, b gM
- Q¢ a a
¢ _ Y .~ ar . ag
Mo mogu e

Equations (3.8)-(3.10) define a nonlinear BVP, with L being the effect of flow thickness;
So the effect of gravity; S7 the influence of viscosity for fixed S3; =; and Zy the hypoplastic
effect; x1 the relative contribution between viscosity and turbulent kinetic energy flux; yo and
X3 the relative significances between two-fold turbulent kinetic energy fluxes and dissipations. For
implementation of numerical simulation, the values of ,,, Uy, Vs, and Uy are given by v, = 0.51,
U = 0.555, U = 0.644, vy = 0.25 (thus, 7, = 0.919, Vs = 1.16, ¥s = 0.451), with fixed values
of 1917;, 19bG and ¢, assumed as a first approximation (Bauer and Herle, 2000; Fang and Wu, 2014;
Savage, 1993; Wang and Hutter, 1999).

Two-point nonlinear BVP (3.8)-(3.10) is solved numerically by using the iterative methods
with a successive under-relaxation scheme (Fang and Wu, 2014; Wang and Hutter, 1999; Wendt,
2009). So, sequences of the primitive mean fields are calculated at each iteration step, which are
incorporated into the next step, until demanded convergence is reached. Moreover, integrating
last Eq. (3.8) yields an analytical solution of 9% (§) under a fixed value of x3, viz., 9¢ = 9§ +
X3 In ((1 — agxs(L — §))/(1 — agxsL)), indicating that 9 increases logarithmically from the
plane toward the free surface, and corresponding to the previous works (Fang, 2009, 2016b; Fang
and Wu, 2014).

3.3. Numerical results

Numerical tests show that only the relative magnitudes of the -, u-, 97~ and Y& -profiles
are influenced by the variations in S; and yj_3, but the tendencies remain unchanged. Thus,
S1 =0.02 and x1 = x2 = x3 = 0.01 are used, with 1§bT = 15? = 0.1 for finite turbulent kinetic
energies and dissipations on the boundary (Pudasaini and Hutter, 2007; Rao and Nott, 2008).
Since =; and Ey are of equal importance (Fang, 2009; Kirchner and Teufel, 2002), they are set
equal. In all figures, the normalized calculated values are displayed for comparison.

Figure 2 illustrates the profiles of , @, ys, 0k, y7H and ye for variations in L = [10, 15, 20]
indicated by the arrows, with ar = ag = 0.1, Z; = Z9 = 0.01, 7, = 0.01 and Sy = 0.02. The
solid lines are the simulated results; the dashed lines are the laminar flow solutions from Fang
(2009); the dotted line are Newtonian fluid characteristics in a laminar flow. Increasing L tends
to enlarge the difference in 7 between the free surface and plane, as shown in Fig. 2a. This results
from the weight of the granular body: when the flow is thicker, larger compressive stress applies
on the grains in the thin layer immediately above the plane (the turbulent boundary layer, TBL),
with maximum shearing there, causing the grains to collide intensively with one another and
resulting in smaller values of 7. Above this thin layer, there exists a relatively thick layer (the
passiwe layer, PL), in which the grains form a kind of inelastic network and behave as a lump
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Fig. 2. Normalized profiles of 7, i, yus, ¥k, yvH, e, with L = [10,15,20] indicated by the arrows.
Dashed lines: laminar flow solutions; dotted line: laminar Newtonian flow

solid with nearly uniform 7 and a, as displayed in Figs. 2a and 2b. As L increases, the TBL
becomes thinner with larger #-gradients at the interface between two layers. When compared
with laminar flow solutions, the 7- and u-profiles are more convex, with larger amplitudes in the
PL. These are due to the influence of turbulent kinetic energy and dissipation, to be discussed
later.

Two-fold turbulent kinetic energies in Figs. 2c and 2d decrease from their maximum values
in the plane toward nearly vanishing values on the free surface exponentially. Similar tendencies
appear for the profiles of y7H and Ave in Figs. 2e and 2f, except for finite values on the free
surface. As L increases, yis, 7ok, 0 H and 50e decrease more obviously. These correspond not
only to those of Newtonian fluids in turbulent boundary layer flows, but also are justified, for
turbulent kinetic energy and dissipation should assume maximum values in the regions where
shearing is maximum, and a larger turbulent kinetic energy induces larger turbulent dissipation
(Batchelor, 1993; Tsinober, 2009). Although in Newtonian fluids and dry granular avalanches the
turbulent kinetic energies and dissipations evolve in a similar manner, their vanishing values on
the free surface are identified for Newtonian fluids, while it is not so for dry granular avalanches.
These reflect the discrete nature of dry granular systems.

Although the TBL and PL can be identified by the profiles of v and u in laminar formulations
(e.g. Fang, 2009; Wang and Hutter, 1999), they are preferably recognized by the distributions
of yUs, vk, yvH and Ave. In the PL, the dominant grain-grain interaction is the long-term
one, causing the grains to form a kind of inelastic network to yield nearly vanishing 4vs and
Avk, and finite 4V H and yve. On the other hand, the grains in the TBL are dominated by the
short-term interaction, giving a rise to intensive turbulent fluctuation with significant yvs, Y0k,
AU H and Ave, resulting in larger 7 and 4 in the PL, when compared with laminar flow solutions.

Figure 3 illustrates the profiles of 7, u, Avs, yvk, yvH and #ve for variations in
Sy = [0.01,0.035,0.07] indicated by the arrows, with ar = ag = 0.1, L = 15, Z; = Z5 = 0.01
and 7, = 0.01. Increasing So tends to enhance the gravitational effect, resulting in more convex
p- and u-profiles in Figs. 3a and 3b. This goes back to the influence of a larger grain weight. As
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Fig. 3. Normalized profiles of 0, @, yvs, vk, yvH, Jve, with Sz = [0.01,0.035,0.07] indicated by the
arrows. Dashed lines: laminar flow solutions; dotted line: laminar Newtonian flow

So increases, most yvs, vk, Yy H and 4ve are confined within even thinner TBLs, resulting in
more energetic grain collisions there, as shown in Figs. 3c-3f. In addition, yUs, y0k, 0 H and yve
evolve with similar tendencies described in Fig. 2. Due to the distributions of two-fold turbulent
kinetic energies, the - and u-profiles are more convex than their laminar-flow counterparts.

The influence of 7}, is summarized in Fig. 4, with ar = ag = 0.1, 2; = Z5 = 0.01, L = 15,
Sy = 0.02 and 7, = [0.01,0.1,0.25] indicated by the arrows. Increasing 7 is to apply larger
normal traction on the free surface, exciting the grains in the TBL to collide with one another
more vigorously. This reduces base friction, resulting in more convex - and u-profiles in Figs. 4a
and 4b, and thicker PLs. Figures 4c-4f show that as 7, increases, yvs, 4vk, Yy H and yve are
confined mostly in the TBL and decrease exponentially from the plane toward the free surface.
The profiles of 7 and 4 are more convex than their laminar flow counterparts due to the influences
of yus, yvk, YU H and Ave.

Simulations for variations in Z; and Z9 are summarized in Fig. 5, with =7 = =9 =
[0.01,0.05,0.1] indicated by the arrows; ar = ag = 0.1, 7, = 0.01, L = 15 and So = 0.02.
When Z; and =, increase, the hypoplastic effect inside a granular RVE is enhanced, which we-
akens the frictional contact between the grains in the TBL, giving a rise to reduced yvs, vk,
AvH and Ave with thinner TBLs. With an enhanced hypoplastic effect, most yvs, vk, yvH
and Ave are confined within even thinner TBLs, which are equally recognized in the 7- and
u-profiles.

Calculations for variations in ap and ag are given in Fig. 6, with ar = ag = [0.01,0.025,0.05]
indicated by the arrows; =; = =9 = 0.01, 7, = 0.01, Sy = 0.02 and L =15. Equal values of ap
and ag are used for simplicity. Increasing ar and ag allows more fluxes of 4Us and AUk enter
into the granular body from the free surface, inducing more ¥ H and e for counter-balance.
This yields more thicker PLs, illustrated by more convex profiles of U, @, yvs, vk, Y0 H and Ave.
These correspond to field observations, for in the PL, the grains are interlocked and behave as
a lump solid, causing y7H and yre to overcome yvs and yk.
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the arrows. Dashed lines: laminar flow solutions; dotted line: laminar Newtonian flow

4. Conclusions and discussions

The derived equilibrium closure relations in Part I (Fang, 2016b) have been implemented to
obtain a zero-order closure model, which has beem applied to analyses of a stationary avalanche
down an incline; numerical simulations have been compared with laminar flow solutions.

While 7 and @ evolve from their minimum values on the plane toward maximum values on
the free surface, 4vs, vk, yvH and e distribute in a reverse manner, with most of them
confined within the TBL immediately above the plane. Above this, there exists a PL in which
the grains behave as a lump solid with nearly uniform 7 and «. In the TBL, the grains are
dominated by the short-term interaction, giving a rise to intensive turbulent fluctuation with
significant turbulent kinetic energy and dissipation, while those in the PL are dominated by the
long-term interaction to form a kind of inelastic network. Two layers are preferable recognized
from the turbulent kinetic energy and dissipation profiles.

The TBL and PL of a dry granular avalanche are similar to those of Newtonian fluids in
turbulent boundary layer flows. Although the turbulent kinetic energies and dissipations evolve
in a similar manner, their vanishing values on the free surface are found for Newtonian fluids,
while nearly vanishing turbulent kinetic energies and finite turbulent dissipations are obtained
for granular avalanches, resulted from their discrete nature and different dominant grain-grain
interactions in the TBL and PL. Discrepancies in the estimated r- and u-profiles from the
laminar flow solutions suggest that the energy cascade induced by turbulent fluctuation needs
to be considered for better estimations on the characteristics of dry granular avalanches.
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